In discrete time, ℓ-blocks of red lights are separated by ℓ-blocks of green lights. Cars arrive at random. The maximum line length of idle cars is fully understood for ℓ = 1, but only partially for 2 ≤ ℓ ≤ 3.
Abstract.
In discrete time, ℓ-blocks of red lights are separated by ℓ-blocks of green lights. Cars arrive at random. The maximum line length of idle cars is fully understood for ℓ = 1, but only partially for 2 ≤ ℓ ≤ 3.
Let ℓ ≥ 1 be an integer. Let X 0 = 0 and X 1 , X 2 , . . . , X n be a sequence of independent random variables satisfying P {X i = 1} = p, P {X i = 0} = q if i ≡ 1, 2, . . . , ℓ mod 2ℓ;
P {X i = 0} = p, P {X i = −1} = q if i ≡ ℓ + 1, ℓ + 2, . . . , 2ℓ mod 2ℓ
for each 1 ≤ i ≤ n. Define S 0 = X 0 and S j = max {S j−1 + X j , 0} for all 1 ≤ j ≤ n.
Thus cars arrive at a one-way intersection according to a Bernoulli(p) distribution; when the signal is red (1 ≤ i ≤ ℓ), no cars may leave; when the signal is green (ℓ + 1 ≤ i ≤ 2ℓ), a car must leave (if there is one). The quantity M n = max 0≤j≤n S j is the worst-case traffic congestion (as opposed to the average-case often cited). Only the circumstance when ℓ = 1 is amenable to rigorous treatment, as far as is known. Let
where q = 1 − p. It is proved in [1] via a theorem in [2, 3] that
as n → ∞, assuming p < q. The symbol γ denotes Euler's constant [4] ; ϕ and ψ are periodic functions of log q 2 /p 2 (n) with period 1 and of small amplitude.
For ℓ = 2, we have the following conjecture:
For ℓ = 3, we likewise have:
where
Our ad hoc technique for deriving such formulas is based on the numerical solution of a large determinantal equation, followed by the recognition of algebraic quantities given high-precision decimals. A better-justified method is currently being developed [5] .
Computational Technique
and let z k denote the (positive real) solution of the equation
that is closest to unity. The quantity z k can be numerically estimated. Define
For suitably large k and sufficiently accurate z k , the preceding ratio can be recognized as a specific algebraic number when p is rational. From a set of such algebraic numbers and corresponding p values, a χ ℓ (p) formula can be inferred. For example, when ℓ = 3 and p = 1/3, taking k ≈ 400 and employing 100 precise digits gives In contrast, when p = 1/17, taking k ≈ 2500 and employing 300 precise digits gives Little insight is provided by a brute-force technique, but effectiveness is key. The greatest difficulty is knowing when cancellation of common factors has occurred and hence needs remedy (as when p = 1/5 and p = 1/17). Semi-log plots for the coefficients were helpful in detecting such. This issue is more challenging still when 1/p is even, e.g., when p = 1/10:
.
Both a factor of 28 is transferred under the radical (of 19) and a factor of 4 is introduced throughout. This similarly happens when p = 1/12:
Of course, the formulas require checking for non-integer 1/p. The case ℓ = 2 is less tediously studied and will additionally be the focus of [5] .
Queue Data
Let n = 10 10 . For each p ∈ {1/5, 1/3}, we generated 40000 traffic light queues (for both ℓ = 2 and ℓ = 3) and produced an empirical histogram for the maximum M n . Figures 1-4 contain these histograms (in blue) along with our theoretical predictions (in red). The fit is excellent. Identical barcharts appeared in [1] but with ill-informed predictions emerging from ℓ = 1.
Random Lights
Let Y 1 , Y 2 , . . . , Y n be a sequence of independent Bernoulli(1/2) variables. Rather than defining increments X i deterministically based on i mod 2ℓ, let us define X i randomly based on Y i as follows:
The corresponding sequence S 1 , S 2 , . . . , S n , reflected at the origin as before, is a lazy random walk with expected maximum approximately equal to [6] E 0 (n, p) = ln where
Define also expected maximums associated with ℓ = 1, 2, 3: Fix n = 10 10 for sake of definiteness. Figure 5 shows that ℓ = 1 possesses the best E ℓ (n, p), in the sense of minimizing traffic backup, however only slightly compared against ℓ = 2 and ℓ = 3. It may be surprising that ℓ = 0 possesses the worst E ℓ (n, p) by far. Is there a red/green light strategy (either deterministic or random) that both maintains equiprobability and yet improves upon ℓ = 1? An answer to this question would be good to see someday.
